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Abstract

Serial killer activity is a complex social threat that traditional criminology often struggles to predict quantitatively. To better understand
this phenomenon, we propose a mathematical modeling framework inspired by epidemiology. The population is divided into four
compartments: at-risk individuals (A), active serial killers (S), prevention programs (P), and law enforcement (L). Their interactions
are described by a system of nonlinear differential equations representing the spread and control of criminal behavior. We first establish
fundamental analytical properties of the model, including positivity and boundedness of solutions. Two equilibrium states are identified:
a crime-free equilibrium and a persistent (Persistent Crime ) crime state. A threshold parameter, the basic reproduction number R0,
determines stability; the crime-free state is stable when R0 < 1. We further apply Physics-Informed Neural Networks (PINNs) to estimate
model parameters from data, demonstrating accurate recovery with errors below 5%. This combined analytical-computational approach
provides a novel framework for studying criminal dynamics.
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1. Introduction

Criminal activities, particularly those involving serial killings,
represent a persistent and often underexplored threat to
societal stability. Serial killers, de�ned as individuals who
commit multiple murders over a period with distinctive
psychological signatures, present unique behavioral dynamics
that challenge conventional analytical approaches [1–3].
Traditional criminological models frequently fail to capture
the nuanced and latent patterns associated with such complex
phenomena, necessitating more sophisticated mathematical
frameworks [4, 5].
With the advancement of mathematical epidemiology and

computational techniques, the application of di�erential equation-
based models o�ers a promising avenue to investigate the spread
and suppression of deviant behavior in populations [6–8]. The
adaptation of epidemiological frameworks to criminal behavior
modeling represents an emerging interdisciplinary �eld that
bridges quantitative methods with criminological theory [9, 10].

This paper introduces and analyzes a novel compartmental
model that captures the dynamics of serial killer behavior using
the principles of deterministic nonlinear di�erential equations.
Inspired by biological systems and contagion dynamics, the
population under study is divided into four distinct compartments:
At-risk individuals (A), Active serial killers (S), Prevention
programs (P), and Law enforcement e�ectiveness (L) [11, 12].
Each compartment interacts based on psychological and societal
in�uences—where at-risk individuals may transition to active
serial killers through radicalization processes, while prevention
programs and law enforcement serve to suppress the emergence
and activity of serial killers. The model is mathematically
expressed using a system of four coupled �rst-order di�erential
equations.

Our formulation draws analogies from epidemiological models,
not in the sense of biological contagion, but as a conceptual
framework to describe the propagation of criminogenic risk
within a population. In this context, factors such as trauma
exposure, social marginalization, and behavioral reinforcement
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mechanisms can spread through social interactions and
environmental in�uence, thereby increasing the likelihood of
extreme criminal behavior. While individual serial o�enders
may act based on diverse psychological motivations, these
heterogeneous drivers can be represented at the population level
through aggregated transition parameters. Such an approach is
consistent with existing studies in mathematical criminology,
where crime dynamics are often modeled using contagion-like or
self-exciting processes.[14, 15].

Scope of Mathematical Analysis

To validate the constructed model, the paper undertakes
a series of well-established analytical procedures from
mathematical epidemiology [6, 16]. First, the non-negativity
and boundedness of the solutions are established, ensuring
that the model remains physically and biologically meaningful
throughout its evolution. These fundamental properties
con�rm that the compartment values (e.g., population of at-risk
individuals or active killers) do not attain negative or unbounded
magnitudes over time [17].
Subsequently, the paper derives the equilibrium points of

the system, particularly focusing on the crime-free and Persistent
Crime equilibria. This analysis reveals the long-term steady states
of the model under varying conditions and allows for assessment
of whether the system will tend toward eradication or persistence
of criminal activity [18]. The basic reproduction number,
denoted as ℛ0, is computed using theNext Generation Matrix
(NGM)method—a widely accepted approach in epidemiological
modeling [7, 15]. The value ofℛ0 determines the potential for the
spread of serial killing behavior and is pivotal in guiding control
strategies.

Stability and Control

The stability of the equilibria is rigorously analyzed using the
Jacobian matrix and eigenvalue criteria, following established
protocols in dynamical systems theory [19–21]. Local stability
provides insights into whether small perturbations near
equilibrium points will decay or amplify over time, thereby
indicating the robustness of a crime-free or Persistent Crime
society. Through this analysis, the model o�ers thresholds for
intervention strategies to either reduce the reproduction number
or reinforce the stability of the desirable (crime-free) equilibrium
[22].

Role of Physics-Informed Neural Networks (PINNs)

In the later section of the paper, a modern computational
method—Physics-Informed Neural Networks (PINNs)—is
employed to analyze and solve the model numerically [23, 24].
PINNs embed the system of ODEs directly into the loss function
of a neural network, enabling the model to learn both the solution
trajectories and potentially the parameter values from sparse or
noisy data [25, 26]. This approach combines the rigor of physics-
based modeling with the �exibility of machine learning, making
it particularly valuable in contexts like criminology where real-
world data can be limited or imprecise.

PINNsnot only provide high-�delity solutions to the di�erential
system but also enable the simulation of various scenarios
under di�erent parameter regimes [27–29]. By using automatic
di�erentiation and collocation methods, the model achieves high
numerical accuracy while preserving the intrinsic dynamics of the
system. This helps validate the theoretical results and allows for
an exploration of intervention impacts under realistic constraints
[30].

Contribution and Relevance

The novelty of this work lies in its interdisciplinary
approach—bridging criminology, mathematical modeling,
and arti�cial intelligence. While the present model does not
explicitly incorporate individual-level psychological pro�ling,
it implicitly captures key behavioral and psychological drivers
through its compartmental structure and transition parameters.
In particular, the at-risk population represents individuals
exposed to adverse psychological conditions such as trauma,
social isolation, and behavioral vulnerability, which are widely
recognized in criminological and psychological studies of
serial o�enders. The transition rate from at-risk individuals to
active o�enders re�ects the combined in�uence of these latent
psychological factors and environmental triggers. Thus, the
model integrates psychological insights at a macroscopic level,
consistent with the framework of population-based mathematical
modeling. This paper contributes by proposing a structured
model for understanding serial killer dynamics through a
scienti�c lens [31, 32]. The integration of both classical analysis
and neural network-based techniques exempli�es a hybrid
methodology that is both rigorous and forward-looking.
This study is not only theoretical but also has practical

implications. It provides a framework that law enforcement
agencies, psychologists, and policymakers could potentially adapt
to monitor, predict, or prevent violent crime proliferation [33, 34].
Moreover, the model’s modularity allows future researchers to
incorporatemore compartments, such asmedia in�uence or social
rehabilitation, to expand the scope of analysis.
Organization of the Paper

The remainder of the paper is structured as follows: Section
2 presents the mathematical formulation of the model and a
detailed description of each compartment and interaction term.
Section 3 provides theorems and proofs establishing the positivity,
boundedness and equilibrium analysis of the model. In Section 4
introduces the framework of PINNs and applies it to numerically
solve the model. In Section 5 we performed model validation.
Finally, conclusions and potential extensions are discussed in
Section 6.

2. Mathematical Model

The model tracks four time-dependent variables:

• A(t): At-risk individuals (exposed to trauma/alienation).
• S(t): Active serial killers.
• P(t): Prevention programs (mental health/social support).
• L(t): Law enforcement e�ectiveness.

The �ow diagram of the model is presented in the �gure 1
2.1. Differential Equations

The dynamics of these compartments are described by the
following system of ordinary di�erential equations:

dA
dt

= Λ� − �AP − �A, (1)

dS
dt

= �A − 
SL − �S, (2)

dP
dt

= �S − �P, (3)

dL
dt

= �S − �L (4)
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Figure 1. Schematic representation of the model architecture.

2.2. Explanation of the Model Equations
The model consists of a system of four coupled di�erential
equations that capture the dynamics between at-risk individuals,
active serial killers, prevention programs, and law enforcement
e�ectiveness. Each equation represents the rate of change over
time for the respective compartment.
At-Risk Individuals, A(t)

The equation is given by:

dA
dt

= Λ� − �AP − �A.

• Λ�: E�ective recruitment rate into the at-risk population.
Here, Λ represents the baseline in�ow of individuals
into the system (e.g., demographic or social entry rate),
while � denotes the proportion of individuals exposed to
criminogenic risk factors such as trauma or adverse social
conditions. Thus, Λ� captures the rate at which new at-risk
individuals are generated.

• �AP: This term accounts for the reduction in the at-risk
population due to e�ective prevention programs. �measures
the e�cacy of these programs, A is the current at-risk
population, and P represents the intensity or availability of
prevention measures.

• �A: This term models the natural decrease in the at-risk
population due to factors such as maturation, migration, or
other exits from the at-risk category.

Active Serial Killers, S(t)

The dynamics of active serial killers are described by:

dS
dt

= �A − 
SL − �S.

• �A: This term represents the emergence rate of active serial
o�enders from the at-risk population. It does not imply a
strict one-to-one transfer from A to S, but rather models
the activation of individuals in�uenced by cumulative
psychological and social risk factors. The at-risk population
is treated as a dynamic reservoir, continuously in�uenced
by external processes, and hence is not strictly conserved. It
is important to note that the present framework does not
enforce strict mass conservation between compartments.
Unlike classical epidemiological models of infectious
diseases, the at-risk population represents a continuously
evolving pool in�uenced by external socio-psychological
factors. Therefore, transitions such as �A are interpreted
as e�ective emergence rates rather than direct transfers,

allowing greater �exibility in capturing complex social
dynamics.

• 
SL: This term models the reduction of active serial killers
through law enforcement actions. 
 is the rate at which
law enforcement neutralizes serial killers, S is the current
population of active serial killers, and L measures law
enforcement e�ectiveness.

• �S: This accounts for the natural decline in the serial killer
population due to factors such as mortality, capture, or
cessation of criminal activity.

Prevention Programs, P(t)

The equation for the evolution of prevention programs is:

dP
dt

= �S − �P.

• �S: This term indicates the scaling up or initiation of
prevention programs in response to the number of active
serial killers. � quanti�es the responsiveness of prevention
e�orts to increases in S.

• �P: This term represents the implementation or scaling of
prevention programs in response to the number of active
serial o�enders. It re�ects a reactive policy mechanism,
where increased criminal activity leads to heightened
investment in prevention strategies such as psychological
counseling, community interventions, and social support
systems.

Law Enforcement Effectiveness, L(t)

Finally, the dynamics of law enforcement e�ectiveness are
modeled by:

dL
dt

= �S − �L.

• �S: This term models the increase in law enforcement
e�orts as a response to rising numbers of active serial killers.
� quanti�es how rapidly law enforcement resources are
mobilized in reaction to S.

• �L: This accounts for the natural decline in law enforcement
e�ectiveness over time, possibly due to resource constraints
or strategic de-escalation, with � being the decay rate.

Remark-1: It is important to clarify that the term �A does not
represent a direct transfer of individuals from the at-risk class
A(t) to the active serial killer class S(t). Instead, it describes
the e�ective emergence rate of active o�enders generated due
to accumulated psychological, social, and environmental risk
factors present within the at-risk population. Therefore, the
present framework does not follow a strict mass-conservation
mechanism between these two compartments. Such source-
type generation terms are commonly used in compartmental
dynamical models where one state variable contributes to the
production or emergence of another without undergoing an
equivalent depletion. For instance, in the classical within-host
HIV dynamics model proposed by Perelson & Nelson [35], the
viral population increases through a production term proportional
to the infected cell population, representing the release of new
virions from infected cells. However, this viral generation term
is introduced as a source term in the virus equation rather
than as an additional loss term from the infected-cell equation.
Following the same modeling principle, the term �A in our
model is interpreted as a phenomenological activation rate that
quanti�es the generation of active criminal behavior from the at-
risk reservoir rather than a one-to-one population transition. The
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similar approach has been applied for the parameter 
SL, �S, �S
as well.
2.3. Parameter Definitions and Justification
Parameters are calibrated using criminological data and historical
trends (Table 1).

3. Qualitative Analysis

In this section, we’ll explore the fundamental mathematical
properties of our model. We’ll show that the solutions are well-
behaved, �nd the system’s equilibrium points, and analyze their
stability.
3.1. Positivity and Boundedness
First, we need to make sure our model makes sense from a real-
world perspective. This means populations can’t be negative and
can’t grow in�nitely large. The following theorem con�rms this.

Theorem 1 Assume that all model parameters
(Λ�, �, �, �, 
, �, �, �, �, �) are non-negative and the initial
conditions satisfy

(A(0), S(0), P(0), L(0)) ∈ ℝ4
+.

Then the solution (A(t), S(t), P(t), L(t)) of system (1)–(4) remains
non-negative for all t ≥ 0. Moreover, if

m = min{� − �, � − � − �, �, �} > 0,

then all solutions of the system are uniformly bounded inℝ4
+.

Proof 1 First, we establish the positivity of solutions. Let the initial
conditions be non-negative, i.e.,

A(0) ≥ 0, S(0) ≥ 0, P(0) ≥ 0, L(0) ≥ 0.

From the �rst equation of system (1)–(4), we have

dA
dt

= Λ� − �AP − �A ≥ −(�P + �)A.

Using the comparison theorem, it follows that

A(t) ≥ A(0) exp [−∫
t

0
(�P(u) + �) du] ≥ 0.

Hence, the at-risk population remains non-negative.

Similarly, the equation for the active serial killer population gives

dS
dt

= �A − 
SL − �S ≥ −(
L + �)S.

Therefore,

S(t) ≥ S(0) exp [−∫
t

0
(
L(u) + �) du] ≥ 0.

For the prevention program compartment,

dP
dt

= �S − �P ≥ −�P,

which implies
P(t) ≥ P(0)e−�t ≥ 0.

Finally, for the law enforcement compartment,

dL
dt

= �S − �L ≥ −�L,

and hence
L(t) ≥ L(0)e−�t ≥ 0.

Thus, the non-negative orthant ℝ4
+ is positively invariant for

system (1)–(4).

Next, we prove the boundedness of the solutions. De�ne

N(t) = A(t) + S(t) + P(t) + L(t).

Di�erentiatingN(t)with respect to time andusing (1)–(4), we obtain

dN
dt

= dA
dt

+ dS
dt

+ dP
dt

+ dL
dt

= Λ� − �AP − �A + �A − 
SL − �S + �S − �P + �S − �L.

After rearranging the terms, we get

dN
dt

= Λ� − (� − �)A − (� − � − �)S − �P − �L − �AP − 
SL.

Since A, S, P, L ≥ 0, the nonlinear interaction terms satisfy

�AP ≥ 0, 
SL ≥ 0.

Table 1. Model parameters and empirical justi�cation.
Parameter Description Empirical Validation Source
Λ� in�ux of at-risk individuals

(births × trauma rate)
CDC ACE Study: 15% of U.S.
population experiences ≥ 4 ACEs.

� Prevention program e�cacy. RAND studies: School counseling
reduces violence risk by 10–20%.

� Radicalization rate,
representing the e�ective
rate at which individuals from
the at-risk pool develop into
active serial o�enders.

FBI’s UCR: Serial killers average 1–5
victims/year, implying low �.


 Law enforcement
apprehension rate.

Improved clearance rates post-1990
due to DNA tech (FBI’s NIBRS).

�, � Policy responsiveness to crime. Post-9/11 policing budgets grew by
40% (DOJ reports).

Applied Mathematical Biosystems 16

https://www.cdc.gov/violenceprevention/aces/index.html
https://www.rand.org/pubs/research_reports/RR2842.html
https://www.fbi.gov/services/cjis/ucr
https://www.fbi.gov/services/cjis/ucr/nibrs


Bhutia et al. Mathematical Modeling of Serial Killer Dynamics

Therefore,

dN
dt

≤ Λ� − (� − �)A − (� − � − �)S − �P − �L.

Let
m = min{� − �, � − � − �, �, �} > 0.

Then, dN
dt

≤ Λ� − m(A + S + P + L),

which gives
dN
dt

+ mN ≤ Λ�.

Solving this di�erential inequality yields

N(t) ≤ N(0)e−mt + Λ�
m (1 − e−mt).

Taking the upper limit as t → ∞, we obtain

lim sup
t→∞

N(t) ≤ Λ�
m .

Hence, every solution eventually enters and remains in the
bounded region

Ω = {(A, S, P, L) ∈ ℝ4
+ ∶ A + S + P + L ≤ Λ�

m } .

Therefore, all solutions of system (1)–(4)with non-negative initial
conditions remain positive and uniformly bounded for all t ≥ 0.

3.2. Equilibrium Points

We now determine the equilibrium points (steady states) of the
system (1) - (4). These correspond to the solutions obtained by
setting the right-hand side of equations (1) - (4) equal to zero,
representing states where the system does not change over time.
It is important to note that the existence of an equilibrium point
does not imply its stability. The stability properties are analyzed
separately using standard techniques from dynamical systems
theory.
Crime-Free Equilibrium

First, we consider the crime-free equilibrium, corresponding to
the absence of active serial o�enders, i.e., S∗ = 0. Plugging S∗ = 0
into the steady-state equations for (3) and (4) immediately tells
us that P∗ = 0 and L∗ = 0. From the �rst equation, we can then
solve for A∗:

A∗ = Λ�
� .

This gives us the **crime-free equilibrium point**, which we’ll
call E0:

E0 = (Λ�� , 0, 0, 0) .

Persistent Crime Equilibrium

Next, we’ll look for an equilibrium where the crime is persistent,
meaning the susceptible population is greater than zero (S∗ > 0).
We call this the Persistent Crime equilibrium, E∗.

From the steady-state versions of equations (3) and (4), we can
express P∗ and L∗ in terms of S∗:

P∗ =
�
�S

∗, L∗ = �
� S

∗.

Substituting these into the remaining two steady-state equations

gives us:

�A∗ = (

�
� S

∗ + �) S∗ and Λ� = A∗ (
��
� S∗ + �) .

By solving forA∗ in one equation and substituting it into the other,
we can eliminate A∗ and arrive at the following cubic equation
for S∗:


���
�� S∗3 + (


��
� +

���
� ) S∗2 + ��S∗ − �Λ� = 0.

Any positive real root of this equation provides a valid value for S∗,
which then gives us the full Persistent Crime equilibrium point:

E∗ =
⎛
⎜
⎝

Λ�
��

�
S∗ + �

, S∗,
�
� S

∗, �� S
∗
⎞
⎟
⎠
.

Feasibility of the Persistent Crime Equilibrium:

For the persistent crime equilibrium E∗ = (A∗, S∗, P∗, L∗) to be
biologically meaningful, all state variables must be positive.

From the steady-state equations, we obtain

P∗ =
�
�S

∗, L∗ = �
� S

∗,

and
A∗ = Λ�

��

�
S∗ + �

.

Therefore, the feasibility of E∗ depends on the existence of a
positive solution S∗ > 0.
Substituting the above expressions into the steady-state

equations gives


���
�� S∗3 + (


��
� +

���
� ) S∗2 + ��S∗ − �Λ� = 0.

De�ne
F(S) = a3S3 + a2S2 + a1S − a0,

where
a3 =


���
�� > 0,

a2 =

��
� +

���
� > 0,

a1 = �� > 0, a0 = �Λ� > 0.

Now,
F(0) = −�Λ� < 0,

whereas
lim
S→∞

F(S) = +∞.

Therefore, by the Intermediate Value Theorem, at least one
positive solution S∗ exists.

Moreover, the coe�cient signs of the cubic equation are

(+,+,+,−).

Hence, according to Descartes’ rule of signs, there is exactly one
sign change. Therefore, the cubic equation possesses only one
positive real root.

Thus, the persistent crime equilibrium E∗ is unique whenever
it exists.

Furthermore, near the crime-free equilibrium, the emergence
of persistent crime requires that the growth rate of the active crime
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class is positive:
dS
dt

> 0.

Using A = A0 =
Λ�

�
and L = 0, we get

�Λ�� − � > 0.

This gives
�Λ�
�� > 1.

Since
ℛ0 =

�Λ�
�� ,

the feasibility of the persistent crime state is associated with the
threshold condition

ℛ0 > 1.

Hence, when ℛ0 > 1, a unique positive persistent crime
equilibrium exists.

3.3. Basic Reproduction Number

To understand when an "outbreak" of crime can occur, we need
to calculate a crucial threshold known as the basic reproduction
number, ℛ0. We’ll calculate it using the next-generation matrix
method, which is standard for this kind of model. We focus on
the "infected" class, S.

We split the terms in the equation for S into two parts: F, which
represents the rate of new additions to the susceptible pool, and
V, which represents the rate of transitions out of it.

F(S) = �A, V(S) = (
L + �)S.

We evaluate these at the crime-free equilibrium E0, where A =
A∗ = Λ�∕� and L = 0. This gives us:

FE = �Λ�� , VE = �S.

Since this is a simple case, the next-generation matrix is just a
scalar, K. We �nd it by taking the derivative of F with respect to
S and the inverse of the derivative of V with respect to S, both at
E0. This simpli�es to the ratio of the coe�cients:

K =
�(Λ�∕�)

� .

The spectral radius of K gives us the basic reproduction number:

ℛ0 = �(K) =
�Λ�
�� .

3.4. Local Stability

Finally, we’ll check the stability of the equilibrium points. An
equilibrium is stable if the system returns to it after a small
disturbance. We do this by analyzing the Jacobian matrix of the
system, given by:

J =

⎛
⎜
⎜
⎜
⎝

−�P − � 0 −�A 0
� −
L − � 0 −
S
0 � −� 0
0 � 0 −�

⎞
⎟
⎟
⎟
⎠

.

Stability of the Crime-Free Equilibrium (E0)

To check the stability of E0, we plug its values into the Jacobian
matrix. The resulting matrix has a block-lower-triangular
structure, which makes �nding its eigenvalues much simpler.
The analysis shows that the stability is entirely determined by the
basic reproduction number.
The crime-free equilibrium E0 is locally asymptotically stable

if and only if ℛ0 < 1. In simpler terms, if ℛ0 is less than one, any
small amount of crime will naturally die out.

Stability of the Persistent Crime Equilibrium (E∗)

When ℛ0 > 1, the Persistent Crime equilibrium E∗ exists. To test
its stability, we would evaluate the Jacobian matrix at the point
E∗. The stability then depends on the eigenvalues of this matrix.
By applying the Routh-Hurwitz stability criterion to the

characteristic polynomial of J(E∗), we can determine the
parameter conditions under which all eigenvalues have negative
real parts. When these conditions are met, the Persistent Crime
equilibrium E∗ is locally asymptotically stable. This means that
if ℛ0 > 1, the system will tend to settle into a state of persistent
crime after small disturbances.

4. Model Analysis with Physics-Informed Neural
Networks

To numerically analyze our model, we move beyond traditional
solvers and employ a more advanced technique from the �eld
of scienti�c machine learning: Physics-Informed Neural
Networks (PINNs),illustrated in Figure 2. This modern
approach is exceptionally well-suited for complex dynamical
systems like ours because it merges the pattern-�nding strengths
of deep learning with the fundamental laws described by our
di�erential equations. Conventional methods can be sensitive to
initial guesses and may struggle with noisy or sparse data. PINNs,
however, are designed to overcome these challenges by using the
model’s equations as a powerful form of regularization.

The core principle of a PINN is to train a neural network to do
two jobs at once. First, it learns to �t the available observational
data, just like any standard machine learning model. Second, it is
simultaneously forced to obey the physical laws of the system—in
our case, the four coupled ODEs. This dual objective ensures
that the network’s predictions are not just plausible but are also
mathematically and physically consistent. In this work, we use
the PINN framework to accomplish two primary goals:

1. Solve the forward problem: Accurately predict the
evolution of the populations A(t), S(t), P(t), and L(t) over
time, given a set of parameters.

2. Solve the inverse problem: Estimate the unknown key
parameters of the model (�, 
, �, and �) by learning them
directly from observed data.

4.1. PINN Methodology and Setup

Our model is governed by the following system of ordinary
di�erential equations (ODEs), which forms the "physics" that

Applied Mathematical Biosystems 18
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Figure 2. Illustration of a Neural Network

we will embed into our neural network:

dÂ
dt

= Λ� − �AP − �A, (5)

dŜ
dt

= �A − 
SL − �S, (6)

dP̂
dt

= �S − �P, (7)

dL̂
dt

= �S − �L. (8)

Our analysis employs a Physics-Informed Neural Network
(PINN), which is a machine learning framework that embeds the
governing di�erential equations directly into the training process.
The complete architecture, illustrated in Figure 3, shows how the
network is trained to simultaneously minimize both the error
against observed data and the residual of the physical model,
ensuring the �nal solution is both data-driven and physically
consistent.
4.1.1. Mathematical Formulation

The PINN architecture is built around a feed-forward neural
network that takes a single input, time t, and produces four
outputs, which are the network’s approximations of our state
variables: Â(t), Ŝ(t), P̂(t), and L̂(t). The network’s learning is
guided by a composite loss function, ℒtotal, which contains two
main components that are minimized simultaneously.

1. Data Loss (ℒdata): This term anchors themodel to reality. It
quanti�es the mismatch between the network’s predictions
and the known observational data points (including initial
conditions). It is formulated as the mean squared error

(MSE):

ℒdata =
1
N

N∑

i=1

(|Â(ti) − Aobs(ti)|2+

|Ŝ(ti) − Sobs(ti)|2 + |P̂(ti) − Pobs(ti)|2 + |L̂(ti) − Lobs(ti)|2)

2. Physics Loss (ℒphys): This term enforces the underlying
dynamics of our model. It ensures the network’s predictions
are not just a simple curve �t but a valid solution to the
ODEs. We de�ne a "residual" for each equation, which
represents how far the network’s output is from satisfying
the di�erential equation. For example, the residual for the
at-risk population A(t) is:

RA(t) =
dÂ
dt

−
(
Λ� − �ÂP̂ − �Â

)
.

The physics loss is then theMSE of these residuals, calculated
over a large number of randomly sampled points (collocation
points) across the entire time domain. This forces the model
to obey the physical laws everywhere, not just at the data
points.

The total loss, ℒtotal = wdataℒdata + wphysℒphys, where w are
weights, is minimized during training. This process adjusts the
network’s parameters until it �nds a function that both �ts the
data and solves the equations.
4.1.2. Experimental Design and Algorithm

Our implementation was developed using the DeepXDE library
in Python, a popular framework for solving di�erential equations
with deep learning. The speci�c details of our experimental setup
are crucial for reproducibility and are summarized below.
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Figure 3. A schematic of the Physics-Informed Neural Network (PINN) architecture used in this study. The network takes time (t) as its input and
outputs the predicted state variables of the system (û). The training process minimizes a composite loss function (ℒtotal), which is composed of two
parts: (1) a data loss that measures the discrepancy between the network’s predictions and the observed data, and (2) a physics loss that enforces the
governing di�erential equations. The derivatives required for the physics loss are calculated precisely using automatic di�erentiation.

• NetworkArchitecture: To capture the potentially complex
and non-linear dynamics of our system, we designed a deep
neural network with an input layer for time (t), followed
by six hidden layers containing 64 neurons each, and a
�nal output layerwith four neurons for the scaled predictions
of A, S, P, and L. The ‘tanh‘ activation function was used in
the hidden layers to ensure smooth predictions.

• Optimization Strategy: We employed a two-phase training
process. First, the network was trained for 30,000 iterations
using the Adam optimizer, which is e�ective at navigating
the complex loss landscape to �nd a good general solution.
Afterward, we used the L-BFGS optimizer to re�ne the
solution and achieve higher precision.

• Parameter Estimation: A key challenge in the inverse
problem is ensuring that the estimated parameters are
physically meaningful (i.e., positive). To enforce this,
we trained the natural logarithm of the parameters
(log �, log 
, log �, and log �). The network learns these log-
values, which can be positive or negative, and we then
take the exponential to get the �nal, guaranteed-positive
parameter estimates.

• Data Scaling: The populations in our model operate on
vastly di�erent scales (e.g., A is in the tens of thousands,
while S is around ten). To ensure stable training, we
normalized all variables by their maximum observed value
before feeding them to the network. The �nal predictions
were then rescaled to their original physical units.

5. Model Validation and Performance Analysis

5.1. Forward Simulation: Trajectory Matching

To �rst validate our framework, we address the forward problem:
can the PINN accurately learn the solution of the ODEs? Figure 4
provides a clear visual answer. It compares the "observed" ground-
truth data (solid lines) with the predictions from our trained
PINN (dashed lines). The near-perfect overlap across all four
subplots demonstrates that the network has successfully captured

the distinct dynamics of each population group—from the slow,
steady decline of the at-risk population (A) to the rapid initial rise
of the active killers (S).
To better appreciate the di�erent temporal shapes of the

solutions, Figure 5 shows all four trajectories normalized by their
maximum values. This view highlights that the PINN has not
only matched the absolute values but has also correctly learned
the unique functional form of each population’s evolution.

The accuracy is further con�rmed by examining the residuals,
which are the point-wise di�erences between the predicted and
observed values. Figure 6 plots these residuals over time. TheRoot
Mean Square Error (RMSE) for the S, P, and L compartments is
extremely small (< 0.11). Although theRMSE forA is numerically
larger, this is simply because its population is three orders of
magnitude greater; relative to its scale, the error is negligible. The
plots show small, bounded �uctuations rather than systematic
drift, which is characteristic of a high-quality �t.
The residual plots show the di�erence between the PINN-
predicted and observed trajectories. Since the model variables
have di�erent orders of magnitude, the absolute RMSE values
should be interpreted relative to the corresponding population
scales. Although the at-risk population A(t) exhibits a larger
absolute RMSE due to its substantially higher magnitude, its
relative error remains small. The bounded residual patterns
together with the normalized error analysis demonstrate the
accuracy and reliability of the PINN-based solution.
To provide a fair comparison of prediction accuracy among

di�erent state variables, we further considered the normalized
root mean square error (NRMSE), since the absolute RMSE
depends on the magnitude of the corresponding compartment.
The NRMSE is de�ned as

NRMSE =

√
1

n

∑n
i=1 (yi − ŷi)

2

ymax − ymin
,

where yi and ŷi represent the observed and PINN-predicted
values, respectively, and ymax and ymin denote the maximum and
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Figure 4. A side-by-side comparison of the observed (solid lines) and PINN-predicted (dashed lines) trajectories for each of the fourmodel compartments.
The excellent agreement demonstrates the model’s ability to accurately solve the forward problem.

minimum values of the corresponding state variable. Therefore,
the error is measured relative to the scale of each compartment.
Although the at-risk population A(t) has an absolute RMSE

of approximately 5.00 × 101, its population magnitude is of the
order of 104. Consequently, the corresponding relative error is
approximately

50
10000 × 100% ≈ 0.5%,

which indicates a highly accurate prediction. Hence, the larger
absolute RMSE value forA(t) ismainly due to its larger population

scale and does not indicate poor PINN performance.

5.2. Inverse Problem: Parameter Estimation

Having con�rmed the PINN’s ability to solve the forward
problem, we now turn to the more challenging and impactful
task of parameter estimation. Here, we assume the parameters
�, 
, �, and � are unknown and task the PINN with discovering
them from the data alone. Figure 7 brilliantly illustrates the
learning process. The plots show the evolution of the estimated
log-parameters over the 30,000 training iterations. Initially, the
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Figure 5. All four population series are normalized to their maximum value to make their shapes easy to compare. The PINN predictions (dashed lines)
closely follow the true shapes of the observed data (solid lines).

Figure 6. Residual plots showing the di�erences between the PINN-predicted solutions and observed data for the four compartments. The RMSE
values are scale-dependent; therefore, the comparatively larger RMSE for A(t) results from its much larger population magnitude. Relative to the
corresponding compartment scales, all residuals remain small, con�rming the accuracy of the PINN approximation.

parameters may �uctuate as the network explores the solution
space, but they very quickly converge and lock onto stable, �nal
values. This stable convergence is a strong indicator that the
model has found a unique and correct set of parameters that
explain the observed dynamics.

The �nal results of this inverse problem are summarized
in Table 2. The framework recovered all four target parameters

with remarkable accuracy, with all relative errors falling well
below 5%. The ability to recover the radicalization rate (�)
and law enforcement neutralization rate (
) with less than 1%
error is particularly signi�cant, as these are critical parameters
for understanding and potentially controlling the system’s
dynamics. This high-�delity parameter inference underscores the
practical utility of the PINN framework for calibrating complex
criminological models against real-world data.
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Figure 7. The evolution of the estimated log-parameters during the 30,000 training iterations. Each parameter shows rapid and stable convergence,
indicating a successful and robust estimation process.

Table 2. Comparison of true and PINN-estimated parameters, along with their relative errors. The results show excellent parameter recovery.
Parameter True Value Estimated Value Relative Error (%)
� 2.0000 × 10−5 2.0149 × 10−5 0.74%

 1.0000 × 10−3 1.0045 × 10−3 0.45%
� 1.0000 × 10−5 9.8923 × 10−6 1.08%
� 1.0000 × 10−2 1.0425 × 10−2 4.25%

The robustness of our parameter estimation framework is
con�rmed by the exceptionally low relative errors for all inferred
parameters, as visualized in Figure 8. This high degree of accuracy,
with all errors well below 5%, validates the model’s capacity to
estimate clinically relevant parameters directly from observational
data.

6. Conclusion

In this paper, we introduced a new approach to understanding
the complex dynamics of serial killer behavior by creating
a deterministic mathematical model. By blending concepts
from criminology and epidemiology, we organized the problem
into four interacting compartments: At-risk individuals (A),
Active serial killers (S), Prevention programs (P), and Law
enforcement (L). Our goal was to create a framework that is
both mathematically sound and o�ers practical insights into

how this extreme form of criminal activity might evolve and be
managed. Our qualitative analysis con�rmed that the model
is mathematically robust. We established that its solutions
are always positive and bounded, ensuring that the model’s
predictions are realistic. We identi�ed two critical steady
states: the crime-free equilibrium, representing a society where
this behavior cannot sustain itself, and the Persistent Crime
equilibrium, where it persists at a stable level. The fate of the
system was shown to hinge on the basic reproduction number,ℛ0.
Our analysis proved that if ℛ0 < 1, the crime-free state is locally
asymptotically stable, providing a clear and quanti�able target for
any real-world intervention strategies. Policies should therefore
aim to reduce the factors that increase ℛ0. To complement this
classical analysis, we applied a state-of-the-art computational
method, Physics-Informed Neural Networks (PINNs). This step
was crucial in bridging theory and application. The PINN
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Figure 8. Relative errors for the four key parameters estimated by the PINN framework. The results demonstrate the high accuracy of the inverse
problem solution, with the largest relative error being approximately 4.25% for the parameter �, and all other errors remaining below 1.1%.

framework proved to be highly e�ective, successfully solving the
forward problem by generating solution trajectories that perfectly
matched the ground-truth data. More importantly, it excelled at
the inverse problem, accurately estimating four of the model’s
key hidden parameters from data with relative errors all below
5%. This demonstrates the power of PINNs to calibrate complex
social models, a task that is often a major hurdle in practical
applications. The true strength of our study lies in its hybrid
methodology. By combining the rigorous proofs of traditional
dynamical systems analysis with the data-driven power of modern
machine learning, we have created a more comprehensive and
reliable framework. While our model is a simpli�cation of
a deeply complex reality, it o�ers valuable insights. It helps
identify which factors—such as the radicalization rate or law
enforcement e�cacy—are most critical in controlling the spread
of violent behavior, thus suggesting where resources could be
most e�ectively directed. Of course, this work has its limitations.
Our model is deterministic and does not yet account for the
randomness inherent in human behavior. Future work should
explore stochastic versions of this model to capture these chance
events. Furthermore, the model could be expanded to include
other important factors, such as the role of media in�uence or the
e�ects of rehabilitation. The most critical next step, however, will
be to test and calibrate this framework using real-world, albeit
sparse, criminological data. In conclusion, this research takes a
meaningful step toward building a quantitative science of criminal
dynamics. By showing that complex societal problems can be
viewed through the lens of mathematical modeling and AI, we
hope to have opened a new door for interdisciplinary research that
can help us better understand, predict, and ultimately prevent the
most serious forms of violent crime.
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