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Abstract

Pneumococcal infections is a serious threat for human health, which causes chronic and injurious respiratory disease problems. We
provide a mathematical model that describes the interactions between three important populations in order to better understand the
course of infection and the function of host immunity: the immune cell population (N), the bacterial population in the blood (B), and
the pneumococcal bacteria in the lungs (P). Growth of bacteria, immune-mediated clearance, logistic restriction, and natural removal
rates are all included in this proposed model. This model proposes insights into immune response efficiency, infection persistence, and
probable treatment approaches by taking these processes. The foundation for future analytical investigation of equilibrium states, stability
conditions, and intervention results in pneumococcal illness is laid by this work.
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1. Introduction

Inflammation of the lungs is a necessary physiological reaction
that may be generated by a broad range of insults, such as viral and
bacterial infections, damage caused by mechanical ventilation,
and exposure to harmful particles [1, 2]. Such illnesses are among
of the most fatal internationally; for example, pneumonia is
still one of the primary causes of mortality in children and the
elderly [3]. The nature of the immune reaction, which includes
a succession of signaling proteins such as cytokines, as well as
distinct cell types such as macrophages, neutrophils, and T cells,
makes it exceedingly challenging to judge the efficacy of therapies
based just on clinical observation [4].

A serious health concern, pneumococcal infections can result
in serious respiratory and systemic problems [5, 6]. Predicting the
course of a disease and creating successful treatments need an
understanding of the interactions between bacterial populations
in the lungs, their dissemination into the bloodstream, and
the immune system’s reaction [7]. To tackle this complexity,
mathematical modeling has become an important area of research
to understand host-pathogen interactions [8, 9].

Mathematical models have been developed from simple
ordinary differential equations (ODEs) to hybrid models that
simulate the behaviour of host-pathogen interactions [9, 10].
By combining experimental results with mathematical models,
researchers have been able to develop new approaches to treat

diseases by testing biological hypotheses and understanding
the role of important regulatory pathways [11]. To understand
the function of drug dosing and co-infection with pathogens
this process is carried out for several disease like influenza,
pneumococcal pneumonia, and most recently, COVID-19 [12, 13].

Schirm et al [14] presents and analyzes a nonlinear ODE model
of murine pneumococcal pneumonia that integrates bacterial
dynamics, IL-6-driven inflammation, neutrophils/macrophages,
tissue damage, and antibiotic action (ampicillin, moxifloxacin)
to replicate time-series data and simulate treatment regimens.
It identifies a stable pneumonia-free equilibrium with outcome
bifurcation based on initial bacterial inocula and emphasizes
the importance of early macrophage control, although pointing
out the limitations of parameter identifiability. The paper
[15] offers a nonlinear ODE model of murine pneumococcal
pneumonia that is validated and demonstrates a bifurcation
between clearance and persistent infection based on initial
bacterial inocula, emphasizes early macrophage-mediated control
and IL-6 dynamics, and illustrates the crucial role of early
antibiotic treatment (ampicillin, moxifloxacin) in shaping
outcomes, although again emphasizing the limitations of
parameter identifiability. Smith et al [16] interestingly integrates
how predictive mathematical modeling has significantly clarified
influenza virus dynamics, immune regulation, and viral-bacterial
co-infection mechanisms, emphasizing the value of model-
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Figure 1. Schematic diagram for the model (4)

based experimental validation as a highly effective strategy to
elucidate nonlinear host-pathogen interactions and therapeutic
opportunities.

The innovative aspect of our analysis is its single framework
that takes into account the dynamics of local infections along
with their systemic counterparts in pneumococcal pneumonia.
While the existing models, such as those of Schirm et al. [14],
mainly dealt with murine pneumonia and immune dynamics
in conjunction with antibiotic treatment, what distinguishes our
model is our ability to combine these three compartments, namely,
bacteria in the lungs, bacteria in the blood, and immune cells, each
following its unique set of growth constraints and recruitment
rules. Together with applying optimal control techniques to
activate the immune response and fight the pathogen, we
expand the scope of available knowledge by quantifying infection
persistence levels, designing appropriate treatment methods, and
conducting sensitivity analyses that are currently missing in the
relevant literature.

In this study, our main objective is to formulate and analyse
a mathematical model to get insight of the nonlinear dynamics
of pneumococcal infection and host immune response so that
we can design the possible investigation strategy in depth of the
disease progression. Our mathematical model suggests a rigorous
approach to analyse the interaction helps for clinical observations
to unravel the complexity of bacterial growth, systemic spread, and
immune regulation. Analysing the system of nonlinear ordinary
differential equations, our study revels the equilibrium states,
stability conditions and threshold for infection persistence versus
clearance.

Also, the use of optimal control theory helps us to design and
calculate therapeutic strategies, such as antibiotic administration
and immune modulation, with the main target of minimization of
bacteria along with treatment costs and side effects. The projected
model also explains the biological mechanisms but also offers
a quantitative basis for forecasting conclusions and controlling
effective interference in pneumococcal disease.

2. Model Formulation

In this study, we present a system of nonlinear differential
equations that captures the dynamics of three key populations:

(i) Pneumococcal bacteria in the lungs, P,
(ii) Bacterial population in the blood, B,
(iii) Immune cell population, N.
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The model incorporates bacterial growth, immune-mediated
clearance, and natural removal rates, providing a framework to
analyze infection persistence, immune response efficiency, and
possible therapeutic strategies.

We consider three coupled ordinary differential equations
(ODEs) describing the time evolution of the system:

Pneumococcal Population in the Lungs is modeled using

dP AP
dt — k,+P

& NP
ki +P

— d,P. o))

The first term represents bacterial growth with saturation constant
k,. The second term models phagocytosis by immune cells,
proportional to both N and P. The last term accounts for natural
removal or death rate of bacteria.

Blood Bacteria Population is modeled by the following equation

dB

B\ &NB
- ) - —d,B. )

=1LB(1-=)- 22—
’12( K) ki+B

Logistic growth of bacteria in the bloodstream is modeled with
carrying capacity K. Immune clearance occurs via phagocytosis,
regulated by saturation constant k;. Natural removal is

represented by d,B
Immune Cell Population is described as below:
dN AP
dt ~ k,+P ° )

Immune cell recruitment is stimulated by the presence of
pneumococcal bacteria in the lungs, with saturation constant
k,. Natural decay or removal of immune cells is represented by
d;N

Thus, the dynamics of pneumococcal infection are described by
the following system of nonlinear ordinary differential equations:

dp AP ENP

- = — —d,P

dt kK, +P k AP,

dB B\ &NB

— =1LB(1-=]—- —d,B 4
-k ( K) k,+B @B, @
dN AP

T

with initial population size P(0) > 0, B(0) > 0, N(0) > 0.

Remark 1. In formulating the nonlinear system, several biological
assumptions were made to capture the essential features of
pneumococcal infection dynamics:

(i) The replication of pneumococcal bacteria in lung tissue
is limited by nutrient availability and host environmental
constraints. To reflect this, we adopted a Michaelis—Menten
type saturation term, which ensures that growth slows
as bacterial density increases, consistent with biological
observations.

(ii) The bloodstream is modeled as a constrained environment
with a finite carrying capacity K. Logistic growth captures the
balance between bacterial replication and systemic limitations,
such as nutrient depletion and host defense mechanisms.

(iii) Clearance of bacteria in both lungs and blood is represented by
saturating phagocytosis terms proportional to both bacterial
and immune cell populations. This reflects the biological
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Table 1. Model parameters, their biological meaning, and typical values [17, 18].

Symbol Description Value (Units)
P Pneumococcal population in the lungs | - (cells)

B Blood bacteria population - (cells/mL)
N Immune cell population - (cells/mL)
A Growth rate of lung bacteria 0.5 (day™1)

A, Logistic growth rate of blood bacteria | 0.3 (day~!)

s Growth rate of immune cells 0.25 (day™?)
ki, k, Saturation constants 2 X 10% (cells)
ks, ky Saturation constants 2 % 103 (cells)
& Phagocytosis rate in lungs 0.05 (day™1)
& Phagocytosis rate in blood 0.01 — 0.1 (day ™)
d,,d,,d, Removal rates 0.1 (day™1)

K Carrying capacity of blood bacteria 109 (cells/mL)

process where immune cells engulf bacteria, but clearance

where

efficiency is limited by binding and engulfment capacity.

(iv) Recruitment of immune cells is assumed to be triggered
primarily by lung infection. This assumption is based on
biological evidence that pulmonary infection initiates systemic

immune activation, while blood bacteria alone do not directly
stimulate recruitment at the same level.

These assumptions provide a biologically grounded framework for

where,

analyzing infection persistence, immune response efficiency, and
therapeutic strategies. By explicitly modeling saturation, logistic

restriction, and compartment-specific recruitment, the system
captures both local and systemic aspects of pneumococcal infection.

3. Equilibrium analysis

The system (4) has three equilibria, namely

(i) The Disease-free equilibrium (DFE) corresponds to the
absence of infection. Setting P = 0, B = 0, and N = 0,

the system reduces to:

(P07 B07 No) = (07 0, 0)'

A3Py
d3(k4+Py)

i) B3N = (PO,

quadratic formula:

> , where P, is given by the

42,

% (@, -
2

and D, = [d3(/11 —d,(ky +ky))— §1/13] +4d;d (A, —d, k)k,.

b [dy(Ay — dy(ky + k) — £145] /D,

D =

dz)ks — Skl

d3(ky+P*)

2d,d,

[ - @) - 2] +

).

It is observed that the quadratic expression for P* yields two
potential solutions. However, only the positive root ensuring

P* > 0,N* > 0,and B* > 0 is considered biologically relevant.

4. The Basic Reproduction Number

We analyze the system using the Next Generation Matrix (NGM)

method to determine the disease-free equilibrium (DFE) and the
basic reproduction number R,.

We identify the infection compartments as P (bacteria in lungs)
and B (bacteria in blood). The immune cells N are not infectious

Py

_ (Ady — §,43) —dyds(ky + k) = \/5
2d,d, ’

2
D = (dydy(k; + k) = (hds — §14,)) — 4dydy(didsk,k, —

Adsk,).

(iii) The endemic equilibrium corresponds to a steady state with
persistent infection, i.e. P* > 0, B* > 0, and N* > 0. Setting

terms V as:

the right-hand sides of the system (4) to zero, we obtain the
endemic equilibrium E*(P*, B*, N*), where

N*

P
T dy(k, + P*)’

[ - ) - 2k, | £ vD;

B* =

21,/K

s

but act as a response.
Expanding the system near the DFE:

ar A,
— ~ —P—-d,P
dt ~ k, P,
dB
E%lzB_dzB,
dN A4

=~ ~ 2P —d,N.
dt "k, 3

4p]
F=|h

1,B]|

s

V =

We separate the system into new infection terms F and transition

[d,P
| d,B|

Thus, the Jacobian matrices at the DFE are:

[d, ©
0 d,|
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Thus the next generation matrix is:

A
diky
0

— Fy-1 =
K=FV— = b

d;

The basic reproduction number R, is the spectral radius of K:

R —max( A /12)
- dik,” dy)’

We now analyze the stability of the disease-free equilibrium (DFE)

using the basic reproduction number R, obtained via the Next
Generation Matrix method.

5. Stability analysis
Here, we present the stability analysis of equilibrium points.

5.1. Stability of DFE

The Jacobian matrix of the system is obtained by differentiating
the right-hand sides of the system with respect to (P, B, N):

&P
In 0 ky+P
_ _ 2B\ _ &Nk _ 5B
J(P,B,N) = 0 = (1 K ) (ks +B)? 2 ks+B |’
A 0 —d,
(ks+P)2
where J;; = Ak SNk d;. The Jacobian matrix of the
(k1+P)? (k1 +P)?
system at (P,, By, Ny) = (0,0, 0) has eigenvalues as:
A
P11 = k_l_dl’ 2= —dy, p3=—ds.
1
The immune cell eigenvalue p; = —d; < 0 is always negative.

Other two eigenvalues, p; < 0and p, < 0, if

A A
L <1, 2

— 1.
dk -7 d,

Recall that . ( A, /12)
= X|—, — ).
’ dik,” d,
Thus if Ry < 1, all eigenvalues are negative and the DFE is locally
asymptotically stable. The infection dies out. If R, > 1, at least

one eigenvalue is positive and the DFE is unstable. Thus we have
the following theorem.

Theorem 1. The stability of the disease-free equilibrium is
completely determined by the basic reproduction number R,. The
DFE is stable when R, < 1 and unstable when R, > 1.

5.2. Stability of E*

At the endemic equilibrium (P*, B*, N*), the Jacobian becomes:
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Figure 2. Bifurcation diagram showing the fundamental reproductive
number R, in relation to the lung bacterial growth rate (4;). This
bifurcation diagram shows how variations in A; affect the stability of
the pneumococcus infection system. The point of crossing denotes the
change from infection elimination to infection establishment, and the two
branches depict the competition between germs developing in the blood
and lungs.

where

_ Ak §IN"k,
ay = - —d,
(o +P7 (ki + Py
g 8P
BT k4P
3 2B* £,N*k,
42 = AZ<1 B 7) T (B P
&P
G = " ks +B*’
oMk,
BT (kg + Py’
ay; = —d;.

The characteristic equation is determined using

an —p 0 Qi3
det(J* — pI) = det 0 Ay —p ay;
as 0 as3 —p |
Expanding along the second column:
an — a3 ]
det(J* — pI) = (a,, — p) det
as A3 — P |

=(ap — P)[(au —p)as —p) — ‘113“31]~
Characteristic Equation
(p— azz)(Pz —(ay +ag)p + anas; — a13a31) =0.
Thus the eigenvalues are:
P23 are roots of p°—(ay; +as3)p+(a1,a33—a13a3,) = 0.

P1 = Qg

For local stability, all eigenvalues must have negative real parts.
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Figure 3. Partial rank correlation coefficient (PRCC) graph for the
sensitivity analysis of R,. Bars show the partial rank correlation coefficient
(PRCC) between R, and significant factors (4;, 45, di, dy, ky, &),
emphasizing the positive effect of bacterial proliferation rates and the
negative effect of decay and clearance rates.

The conditions for negative real parts are obtained by using Routh-
Hurwitz criteria as:

a, <0, a;; +az; <0, Q1033 — ay3a3; > 0.

Thus,we have the following theorem.

Theorem 2. The endemic equilibrium is asymptotically stable if
the following conditions are satisfied:

ay <0, a;+a3;<0, ap;as —a;3a; >0. ©)

6. Optimal control Problem

In this section our main aim is to minimize the cost as well as
minimize the blood bacteria population. We construct the optimal
control problem where the state system is

dP _ AP ENP

= = —d,P

dt ~ k,+P Ik +P hP,

dB B\ &NB

= =1B(1-=)-2——-4d,B

a~h ( K) ki +B @B, ©
dN AP

— =Q1- —d;N.

i ( u(t))co+k4+P d;N

and the control function u(t) represents the efficacy of immune
activator therapy, modulating immune recruitment.

The objective function is assumed as

tr
Jw) = f [A,u? + A,B? + A;N?]dt (7)
L

The parameters A, A, and A, are the weight on the benefit of the
cost. These are the cost of per unit of immune activator. Here the
control u(t) represents the efficacy of immune activator therapy.
In this problem we are seeking the optimal control u(t) such that

Jw*) =min{J(u) : ue U} )

Here U is the control set defined by U =
u is measurable,0 < u(t) < 1,t € [t;, L]}

To determine the optimal control u*, we use the ‘Pontryagin
Minimum Principle’ [19]. To solve the problem, we use the
Hamiltonian [20] given by

{u(®)

AP £ NP
H = Au? — A,B? + AN? S 2L gp
1U 257+ As +p1{k1+P K +P 1P}
B &,NB
+pdtB(1-7)- g B ©)
P
+ p3{u(t)co + m — d3N}

6.1. Existence of a unique optimal control

To establish the existence of an optimal control u*(t) for the
problem defined above, we verify the standard conditions from
optimal control theory. The admissible control set is given by

U ={u(®) : u(t)is measurable, 0 <u(t) <1, t € [t;,¢/]}.

This set is nonempty, convex, and closed. The state system
is bilinear in the state and control variables, with right-hand
sides that are continuously differentiable and satisfy Lipschitz
continuity in (P, B, N), ensuring the existence of unique solutions
for each admissible control.

The integrand of the objective functional,
L(P,B,N,u) = Aju* + A,B* + A;N?,

is convex in u and bounded below by zero. Furthermore, the
state equations guarantee bounded trajectories for (P, B, N) over
the finite time horizon [t;,¢;]. By standard results [21], these
conditions imply the existence of an optimal control u*(¢t) that
minimizes J(u).

Uniqueness of the optimal control follows from the strict
convexity of the integrand in u, since A; > 0 ensures that
L(P,B,N,u) is strictly convex with respect to u. Therefore, the
optimal control u*(¢) is unique.

6.2. Characterize the optimal control

By using the ‘Pontryagin Minimum Principle’ and for the existence
condition of the optimal control theory [22], we obtain the
following theorem.

Theorem 3. The objective cost function J(u) over U is minimum
for the optimal control u* corresponding to the endemic equilibrium
(P*,B*,N*). Also there exist adjoint function p,, p,, p; satisfying
the following Equations:

. _ Mk §1Nky _ _ Azky

L="m ((klmz (ki +P) 1) P3 trmr?

. _ 2B\ &Nk

b == (24840 (0 (1-2) - 22 —a)). a0
. P B

Pz = _<2A3N_P1klj _sz _Psd3>~

Proof. The adjoint variables satisfy

. 0H
Pi=—a—xi, X =P, x, =B, x3=N.
Thus,
. oH oH OH
Pr="73p> P2=735> P3= 738" (1n
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Figure 4. Time evolution of dynamics of pneumococcal infection for
various growth rates of bacteria (1). Graphs illustrate the dynamics of
(a) population of pneumococci in lungs P(t), (b) population of bacteria
in blood B(t), and (c) population of immune cells N(¢) for two sets of
parameters, A = 0.5 (blue solid line) and A = 0.05 (dashed green line).

This give the following system:

. Ak, § Nk, Asky

P1=—F1 - —di | =35
(ki + P (ky +P)? (ky + P)?

5, = — —24,B + A(l—§)—%—d

P2 = 2 P2 | 12 X (k, + B)? 2] >

. P B

P3 = (2A3N P1 K+ P P2 ks + B Psd3> .

The optimal control is obtained from below relation:

OH
— =0.
ou
This gives,
is gives a_}(_ZAu_gw
au - 1 3.
Hence,
u(t) = RO
24,

Since u(t) € [0, 1], the optimal control is given by

& w
24, ’

The adjoint system is given by the three costate equations above.

12)

u*(t) = min %1, max {O,

The optimal control is expressed as a projection of ?Tw onto the
1
admissible set [0, 1]. O

7. Numerical simulations

Figure 2 represents the bifurcation analysis of the connection
between the basic reproduction number R, and the lung bacterial
growth rate constant 4,. As shown by the graph, an increase in 4,
results in a nonlinear increase in R, thus implying an increased
possibility for infection as a result of a higher rate of bacteria

growth in the lungs. These two branches denote the values ﬁ
1%1

and ;ﬁ. The former is concerned with the lung bacteria growth,
2
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Figure 5. Comparison between dynamics of pneumococcus infection
model under and without optimal control. Plots depicting the dynamics of
(a) P(t) the bacteria density in lungs, (b) B(t) the bacteria density in blood,
(c) N(t) the immune cells density, and (d) u*(¢), the control. Dashed blue
line corresponds to no control, whereas green solid lines depict optimal
control.

while the latter deals with the blood bacteria population. The
point of their intersection is where the basic reproduction number
is equal to 1, indicating the start of an infection spread process.

The PRCC plots (see figure 3) show how changes in the
parameter values influence the basic reproduction number R,.
A positive correlation between 4, and 4, and R, implies that
an increase in the bacterial growth rates in both lungs and
bloodstream leads to a significant increase in R, thus favoring
the maintenance of the infection. On the other hand, the negative
correlation between d,, d,, and k, and R, implies that increasing
the rate at which bacteria are cleared from the body and carrying
capacity decreases R,. The positive effect of &; on R, implies
that immune clearance is more complicated and may balance the
growth rate. In summary, bacterial growth rates play a significant
role in the dynamics of the infection while natural decay and
immunity clearance stabilize the system to prevent infections.

Figure 4 represents the effect of changing bacterial growth rate
(4) on the infection progression within various body parts due to
pneumococcal bacteria. From Figure 4 (a), it is evident that the
number of bacteria in the lung decreases with time; however, it
happens at a faster rate when A = 0.05. This implies that a lower
bacterial growth rate leads to faster clearance of bacteria from
the lung. Figure 4 (b) represents the number of bacteria in the
blood, where we observe an increase to a certain equilibrium value
despite a lower bacterial growth rate within the lungs. The close
proximity of the two graphs indicates that the dynamics of bacteria
within the blood system are not very sensitive to changes in 4.
Figure 4 (c) shows the number of immune cells within the host
system, where the number increases with the onset of infection.
When the bacterial growth rate within the lungs is high, there is
sustained immune activation, but otherwise, a reduction in the
bacterial population leads to decreased immune activation due to
low stimulation.

The diagram 5 above emphasizes the effect of optimal control
measures on the dynamics of pneumococcal infections. As seen
in Figure 5 (a), the population of bacteria in the lungs (P(t))
first increases but is then suppressed efficiently through optimal
control measures. This confirms the effectiveness of optimal
control measures in inhibiting bacterial population. The second
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Figure 5 (b) shows that the population of bacteria in the blood also
increases in both cases, but with the optimal control measures,
the bacteria population remains relatively low. In Figure 5 (c), the
recruitment of the immune cells is depicted. It can be observed
that the immune response recruitment rate is higher and sustained
under optimal control, while without control, the recruitment
takes time to kick off. Finally, Figure 5 (d) shows the control
measures (u*(t)), which start at a low level and gradually decline
over time.

8. Discussion

By combining bacterial growth, immune response, and bacterial
clearance, the mathematical model in this article has been able
to effectively depict the nonlinear dynamical behavior of the
pneumococcus infection. The mathematical model shows how
local and systemic infection behaviors interact by classifying
bacteria into two groups: blood bacteria and lung bacteria.
According to the equilibrium and stability study, the fundamental
reproduction number R, either initiates infection or eliminates
the bacterium. The germs are totally eradicated when R, < 1, but
the illness becomes endemic when R, > 1.

The impact of changing the parameter 1, on R, is observed in
the bifurcation analysis displayed in Figure 2. The sensitivity of
infection persistence is indicated by the nonlinear variation in R,
with increasing 4,. The threshold at which the infection can be
eradicated or established is the point where the branches of the
bifurcation intersect.

Finding the most significant factors influencing R, is further
made easier by using the PRCC plot (Figure 3) for the sensitivity
analysis. The positive association between 4, and 4, indicates
that the likelihood of infection increases when bacterial growth
rates rise in both compartments. Increases in decay and clearance
rates decrease the likelihood of infection because of the negative
correlations between d;, d,, and k,. The complicated nature of
immunological clearance is revealed by the moderately beneficial
impact of £,.

The dynamics of infection development and control measures
are depicted in the numerical simulations (Figures 4 and 5).
Low bacterial growth rates lead to rapid clearance in the lung
compartment, low immune cell activation, and high bacterial
counts in the blood compartment, as shown in Figure 4. This
indicates that the sensitivity of the blood compartment bacterial
population growth rate in the lungs is limited. The impact of
optimum control methods on bacterial infections is seen in Figure
5, where therapy results in an increase in immune cells and a
decrease in bacterial populations in the blood and lungs. Over
time, the control parameter u*(¢) diminishes, indicating decreased
treatment effectiveness.

9. Conclusion

This article offers a mathematical model that explains the
dynamics of pneumococcal infections and their treatments.
Analytical study enables us to determine the equilibrium and
stability analysis. Here the basic reproduction number R, plays
an important role in determining the infection dynamics, while
the bifurcation and sensitivity analysis show bacterial growth
and removal parameters affect disease progression. Numerical
findings show that an optimal control strategy plays a crucial role
in setting the antibiotic or immune modulator strategy, which
helps to reduce the bacterial levels and increase immunity levels
to make the system reach a disease-free equilibrium state.

From this study we can predict that the effective treatment
can be applied on time and can help to avoid further bacterial
proliferation and systemic propagation. The analytical and
numerical simulations can be used to develop treatment strategies
and also help for experimental validation of the model. We
can extend our work by formulating a stochastic model by
incorporating co-infection with other bacteria of drug resistance
in order to increase its relevance to the clinic.
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